In this paper, we extend the LP I property (that is, every locally principal ideal in an integral domain is invertible) to rings with zero-divisors and we study the class of commutative rings in which every regular locally principal ideal is invertible called LP I rings.
Introduction
All rings considered in this paper are assumed to be commutative with identity elements. It is well-known that a finitely generated flat module over a domain is projective, and over an integral domain, the notion of projective ideal is equivalent to the one of invertible ideal. In general, an invertible ideal is projective but the converse is not true. The notion of domains with flat ideals invertible was first studied by Sally and Vasconcelos in 1975 (see [21] ) as domains with property P. They showed that if a domain D has the property P, then so does the polynomial ring D [X] . In 1977 Glas and Vasconcelos studied the invertibility of faithfully flat ideals over an H-domain and conjectured that over an H-domain, a faithfully flat ideal is finitely generated (and hence invertible) see [14] . In [8] , S. Bazzoni conjectured that Prüfer domains for which "an ideal is invertible if and only if it is a locally principal" are exactly the ones with the finite character property, i.e. each nonzero element of the domain belongs to finitely many maximal ideals. This conjecture was first resolved in the affirmative by Holland, Martinez, McGovern and Tesemma ( [16] ). Later, Halter-Koch stated and proved an analog of Bazzoni's conjecture using the language of ideal systems, that is, r-Prüfer monoids, which in the domain case are P V M D's and include Prüfer domains ( [15] ). In 2010, Picozza and Tartarone introduced 1 the notion of quasi-stable ideals as ideals I that are flat in their ring homomorphisms (I : I) . They also studied domains in which every ideal is quasi-stable, and proved that Glaz-Vascocncelos conjecture is false ( [20] ). In 2011, D. D. Anderson and Muhammad Zafrullah [6] introduced and studied the notion of LP I domains as integral domains in which every nonzero locally principal ideal is invertible. They proved that a finite character intersection of LP I overrings is an LP Idomain and so if a domain D is a finite character intersection D = ∩D P for some set of prime ideals of D, then D is an LP I domain. In 2013, Kui, Wang and Chen answered positively a question raised by Anderson [22] ). The purpose of the present work is to extend the notion of LP I domain to an arbitrary ring with zero-divisors. A ring R is said to be an LP I ring if every regular locally principal ideal of R is invertible. Noetherian rings are obviously LP I rings by [18, Lemma 18.1] . Our aim is to give some simple methods in order to construct LP I rings outside the context of integral domains that are not Noetherian. For this, we investigate the stability of the LP I property under homomorphic image, and its transfer to various contexts of constructions such as direct products, amalgamation of rings and trivial ring extensions. Our results generate original examples which enrich the current literature with new families of rings satisfying the LP I property. We denote Z(R) the set of zero-divisors of R and by Reg(R) the set of regular elements in R. Let A be a ring and E an A-module. The trivial ring extension of A by E (also called the idealization of E over A) is the ring R = A E whose underlying group is A × E with multiplication given by (a, e)(a ′ , e ′ ) = (aa ′ , ae ′ + a ′ e). Recall that if I is an ideal of A and E ′ is a submodule of E such that IE ⊆ E ′ , then J = I E ′ is an ideal of R. However, prime (resp., maximal) ideals of R have the form P E, where P is a prime (resp., maximal) ideal of A [5, Theorem 3.2]. Suitable background on commutative trivial ring extensions is [5, 7, 13] . 
Main results
Notice that a characterization of locally principal ideals in integral domains is given in [6, Theorem 1] . The following proposition extends this characterization to regular locally principal ideals in rings with zero-divisors. The proof is similar to that one in [6, Theorem 1] , and for the convenience of the reader we include it here. Recall that an ideal I in a ring R is called a cancellation ideal if IJ ⊆ IK for ideals J and K of R implies that J ⊆ K.
Proposition 2.1 ([6, Theorem 1]). Let R be a ring and let I be a regular ideal of R. The following conditions are equivalent:
(1) I is locally principal.
(2) I is faithfully flat.
and so I M is genereted by a regular element and so it is free. Hence, I M is faithfully flat for all M ∈ M ax(R). Then, I is faithfully flat.
(2) ⇒ (3) Let I be a regular faithfully flat ideal of R. Let IJ ⊆ IK for some ideals J and K of R. We concider the exact sequence,
Next, we study the transfer of the LP I property to direct products.
The proof of this theorem needs the following lemmas. The proof of the first lemma is straightforward and it is omitted, and the second lemma is a well-known result. 
IS is a regular locally principal ideal of S and so it is invertible since S is an LP I-ring which, in turn, is equivalent to IS is finitely generated. Therefore I ⊗ S = IS is finitely generated. Hence I is a finitely generated ideal of R (as S is a faithfully flat R-module), and therefore I is an invertible ideal of R. Thus R is an LP I ring as desired.
As an immediate consequence, we recover [6, Teorem 5 (1)]. (1) Let P be a finitely generated non-regular prime ideal of R such that P is contained in all regular locally principal ideals of R. If R P is an LP I ring, then so is R. (2) Let J I be a regular locally principal ideal of R I . Then J I is a faithfully flat R I -module. Since I is a regular ideal of R and I ⊆ J, then J is a regular ideal of R. Now, consider the following exact sequence:
By the exact sequence, we conclude that J is a faithfully flat ideal of R. Hence J is a regular locally principal ideal of R. So J is invertible and so finitely generated. Therefore J ⊗ R I = J I is a finitely generated ideal of R I and so it is invertible by Lemma 2.4. Therefore R I is an LP I ring. Example 2.9. Let K be a field and R = K K and let P = 0 K. Then P is a finitely generated non-regular prime ideal of R that is contained in all regular ideals of R by Lemma 2.12. Since R P = K K 0 K = K, K K is an LP I ring by Proposition 2.7. Our next theorem develops a result on the transfer of the LP I property to trivial ring extension. Recall that if E is an A-module, then Z(E) = {a ∈ A such that ae = 0 for some 0 ̸ = e ∈ E}.
Theorem 2.10. Let A be a ring, E an A-module, R = A E the trivial ring extension of A by E and let S = A (Z(A) ∪ Z(E)).
(1) Assume that for every regular locally principal ideal The proof of this theorem needs the following lemmas. (2) Let E ′ is a submodule of E such that I E ′ is a regular locally principal ideal of A E. Then I is a regular ideal of A and for every maximal ideal M of R, ([1, Theorem 9] ). Let A be a ring, E an A-module, I N an homogeneous ideal of A E. If I is a finitely generated ideal of A and N is a finitely generated submodule of E, then I N is finitely generated.
Proof of Theorem 2.10.
(1) Assume that for every regular locally principal ideal I of A, I ∩ S ̸ = ∅ and let I be a regular locally principal ideal of A. By Lemma 2.11 (1)(b), I IE is a regular locally principal ideal of A E. Since A E is an LP I ring, then I IE is invertible. By Lemma 2.13, I is invertible and so A is an LP I ring.
(2) Assume that E is torsion-free and divisible. Then
Let J be a regular locally principal ideal of R. By Lemma 2.12, J has the form I E where I is an ideal of A with I ∩ S ̸ = ∅. Thus I is a regular locally principal ideal of A by Lemma 2.11 (2) . Since A is an LP I ring, I is invertible. By Lemma 2.14, I E is an invertible ideal of A E and therefore A E is an LP I ring.
Conversely, assume that A E is an LP I ring. Since E is torsion free, Z(E) ⊆ Z(A) and so for every regular locally principal ideal I of A, I ∩ S ̸ = ∅. Hence A is an LP I ring by (1) .
(3) Assume that E is finitely generated, E = S −1 E and A is an LP I ring. Let I E be a regular locally principal ideal of R where I is an ideal of A with I ∩ S ̸ = ∅. Then I is a regular locally principal ideal of A (Lemma 2.11 (2) ) and thus I is invertible (and so is finitely generated). Since E is finitely generated, I E is a finitely generated ideal of A E (Lemma 2.15) and therefore it is invertible by Lemma 2.4. Thus A E is an LP I ring. If furthermore, for every regular locally principal ideal I of A, I ∩ S ̸ = ∅, then the equivalence by (1). Theorem 2.10 leads to the following result. . Then A E is an LP I ring.
Proof. Z (2) , as a DV R, is an LP I ring.
is a divisible (Z (2) )-module since Q is a divisible (Z (2) )-module. Also, Q Z (2) = { a b | a, b ∈ Z and b is divisible by 2} is a flat (Z (2) )-module since it is a free module generated by 1 2 . So A E is an LP -ring by Theorem 2.10 (2 The proof of this theorem needs the following lemmas. The proofs of the first and third lemma are elementary proofs and for convenience we include them here. A be a ring and I be an ideal of A. If (a, a + i) is a regular element of A ◃▹ I, then a is a regular element of A.
Lemma 2.20. Let
Proof. Let (a, a + i) be a regular element of A ◃▹ I and b ∈ A such ab = 0. If there exists j ∈ I such that jb ̸ = 0, then (a, a + i)(bj, 0) = (0, 0), which is absurd since (a, a + i) is regular. Hence, for all j ∈ I, jb = 0. Thus (a, a + i)(b, b) = (0, 0) and so (b, b) = (0, 0). Hence a is a regular element of A.
Lemma 2.21. Assume that I is a non-regular proper ideal of a ring A and S = A\(Z(A)).
The following are equivalent:
(1) All regular ideals of A ◃▹ I are homogeneous. Proof. Assume J is generated by a family of elements {a 1 , a 2 · · · , a n } and I is generated by a family of elements {k 1 , k 2 · · · , k n }. Let (a, a + h) ∈ J ◃▹ I. Then, a = ∑ n i=1 α i a i where α i ∈ A for i = 1, · · · , n, and since h ∈ I, then h = ∑ n i=1 β i k i where β i ∈ A for i = 1, · · · , n. Hence, (a, a + h) = (a, a) + (0, h) =
Hence J ◃▹ I is a finitely generated ideal of A ◃▹ I generated by 
